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ABSTRACT

Gaussian process regression (GPR) is proposed as a tool of long-term groundwater quality predictions. The major
advantage of GPR is that both prediction and the prediction related uncertainty are provided simultaneously. To
demonstrate the applicability of the proposed tool, GPR and a conventional non-parametric trend analysis tool are
comparatively applied to synthetic examples. From the application, it has been found that GPR shows better performance
compared to the conventional method, especially when the groundwater quality data shows typical non-linear trend. The
GPR model is further employed to the long-term groundwater quality predictions based on the data from two domestically
operated groundwater monitoring stations. From the applications, it has been shown that the model can make reasonable
predictions for the majority of the linear trend cases with a few exceptions of severely non-Gaussian data. Furthermore, for
the data shows non-linear trend, GPR with mean of second order equation is successfully applied.
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Fig. 1. Comparative applications of the parametric (linear regression, blue line) and non-parametric method (Theil-Sen estimator, red line)
for the groundwater quality data showing (a) Gaussian and (b) non-Gaussian distribution of the residuals

hy(x) = Oyt 0, + ...+ 05, = 0'x (1)

o) o] Ay BT 4 L AT & glow,
A7IM 6= TEERIZ ol FolRl Hlgol y= - 2
g g g8y x= A
ol&st Hrle® FHZ(MLE, Maximum Likelihood
EstimationyS 7] $Jalixe d¥tdog AEE &
AFg3I] The] 27} o] 2 4 o

OE

" i=1
exp| — 2
] 26°

glel Mol Folxl 2% ShEe A ()] FHF-F
=3 (negative log-likelihood)Z4-E]

KO =Y 0% 3
i=1

oF o] HAZTE Qolxint. wEbA, 4] (3)0] HAY

A5 2 2 Aot gk gukzo g 9jo AS wiss}

= & oY) H?'SL W)= A4 (normal equation)

S o|8sl= WHY 7127] 3P 7] (gradient descent

method)ys ©]83sk= W0l St o] T BhdHgals o
|8 e

HO=30,-0'%) =0 (0"

i=1

=(y-A0) (y-AO) =ly-Ad’ )

oF o] Hehs WRioH, o714 BE AS EARE
(design matrix)0]2} F-2t}. $jo] B2g=2 4] (3)0] F
2847] SlsiM=

Vy-Ad =-2A"y+2ATA0=0 (5)

o AL BESjolo} sl ARHoR

S A =
Ty duk A8 S ARAE AR AEEE 7MY
sk, ol& F=5 .
5 A} Hdlss FA%e] obdye] w=2A "ot &=
St dut ¥ AR oY Fx (outlierpl] o=
mg- VEltE A AUa AAE}. olE AWy ¥
sto] AR AR ofdt o=} mlmsz W)
Theil-Sen 78S Hlwalth. thao] o= A3 AR
o] IAS HAFT} Fig. 12 Az W& 7Pt 4
A A7 HalE HoFth A5 130 48] o] Foixit}.
7pdel Al FAAEE *Mo}ﬂ 9ated 2 Cc=15+
02 x t14+ Z(Z~N 0,3y} o] 8=Act. s 2 A=
WM FEZF 15mg/elal B71(ny) G B 0.2 mg/9
JeFAE Hole 29 s5E onlsh, Bl 0 2
b 3 mg/le] BTt $EE whs AW (0, 3
3= 7Pt (Fig. 1a). B3 ZAP} HIATHEES
nes 2Es wss] 9Ekd, A «] Azl #= 1d

of

2} oA 2719 BEE 3mg/l, B2 3dat 2Ax) B
o] ¥EE smgl, 283 593 3R B9 BEE

J. Soil Groundw. Environ. Vol. 21(6), p. 67~79, 2016



0 FRE - ukeq - Rl - odm - Pag - Anjx
300 T T
— ——Theil-Sen Estimation
Bn250t —Linear Regression( st order)
= — Linear Regression(3rd order)
~00} O Data
=2
=
-
= 12
-
—
=
5}
)
-
—
L*]

0 1 2 3 4 5
time (year)
Fig. 2. Comparative applications of Theil-Sen estimator (red
line), 1% order linear regression (blue line), and 3™ order linear

regression (magenta line) to non-linear trend of the concentration
data.

0.1 mg/I= AA8ITHFig. 1b).

Fig. 194 H= nie} 7o] z}z}ﬂ A}E
Fig. 1a°l tieiX= B2 7] AE 319
dl&1} H]E43 71HSl Theil-Sen 4ol ¢
TARRS: ER1E 4= Qi) &8 7] & & Wi
FAPS 71571 9] A¥ il?iu—ﬁﬂl/ﬂt 0.22 mg/l 3
Theil-Sen FHANAE 021 mg/IE ZEo] 7P A
#2102 mg/lell 7WRE fAKE Fhol A=A 2Lt
FEP) HIASEEE Hol& Fig. 1b9] 749 A8 s|AE
Ao)| o]3) =3} Theil-Sen Fg0l 23+ =& 515}
Al ME T2 BEg 712719 A9 A8 S elA
= 0.15mgl ¥ Theil-Sen FHNM= 023 mg/lZ o=
=0} Theil-Sen o] 78 AA] 341 0.2 mg/lell ©
7R AeE B o]#gt B4 A= Theil-Sen
F4o] o} F=el tigk Ao o An FHe=
AR Z2AIZ) sfEsle oSS Bot AR ske wF
H A 3N g A5 o] kol e Wzt
s oS3t 3le ARt

Fig. 2= S~Axl87} vl 3 FAE
2 Theil-Sen 34, 1x} @ 33} XY XS 44
283 Aot} &, 7P Am S st ol8d
32 AEE T A4S oo 21s o]8sith

C=6,+6,t+ 92t2+6’3t3 @)

Ho
o ©

e M

FS‘J PV

[/ )

%

Lo o

3

g

Fig. 2= Theil-Sen 54 2 13} AE3|7 £
O] A FAIE ISt aER) dlSel e
W, 33k A9 B2 o] FAE & A58kl
S AT AAE B AAA 2 191A 9T Sl

d

J. Soil Groundw. Environ. Vol. 21(6), p. 67~79, 2016

2 Agle] A71d AT Wshs vldy FAE B
o= Ao] B} drkAoln, 919] 4] A= ofof| s}
o %% o Z(Theil-Sen 4 2 12} /}_?'%i]-‘ﬂ S &3l
TEE A5 BY 1 Aapt AA FEskE vkdEiA|
%S 7Fs/do] vl F-& HojE

AZ2Ho 72 Agr} Ao FAE HY 739 Theil-Sen
9L sk Zlo] Ko} uigkleh o XS HolA] &
735 A8 AN ] ] Fold

;J:‘r. a3y Ajg9]

71d71¥ (kernel method)ell 7123+ 71AIE: 7Hel o
221 GPR 7|'H(Rasmussen and Williams, 20062 &<
HER] A8l FAEETE 7RPARE Z2AIAE e A
T ANl AN 7Y dEoln B A% Z1AIS
F71HE (le. EXZE 3)AEA, QIFAAY, XX 7|Hh
B ) fFARE 724 *E"H% Zh=t}. B AFe R,
GPR 7IH& o83 +dA= q% Ak i 54 3
E F(C*V) A5 X85 8RS (le. C¥x=C+o)
gl 7PEIRS AS, 2Aks Xﬂﬂ?ﬂ' 71t == B
T ) 7re] FEA FeE REE F loH, A o]
23k @A} TR AR siME o oL 7P
o 2o it oSS F3Ysh= wlo]x|Qt(Bayesian) 5
£ Rdlo|t}h. GPRE Algkr FEAlE 4o 288 7
"?“ 7131 aﬂ Rk ope} o5
< 7 o], Eok 4A=x e 74

J_"E d‘é‘o E

= A7) %}”Q“O] 7]’—0}‘1] B Cﬁx]:—i AYar A
TH(Rasmussen, 2004). 2|5 Folol|Ae= Lefjol] o

YR Hgo] o]FoR|aL Qo] oA 7R B g A=
%it ‘eolm, shFE] oS5(Sun et al, 2014), 3}
Z5 W3} o=(Bazi et al, 2012), 3 2%#3} o
—%—(Grbiet al,, 2013) 5ol ©]8=7] Aj&}Fkar 9;1E‘r
GPRO] o274 79k Thaat 2t} ARME ¢, B3 &
=9 54 w5 AAE AEE X, 28 *lﬂﬂ-ﬂﬂ &<t
t, d53tdor & 54 v& AAYE A5E X S
o o] Z}Eﬂ—ﬂ 1% oot Xet 2 = dom 7 A
Q1 £} 3 232t et o] & 4= Ut

x= % = ®)
XP /,lp

_a



FHSAIF ERA BFEHE ol 87 A5 AR as] S 71

= (X-p) (X-p oln b
P21 S AL AROIE o) B ASSlolor T 54
T AAIE ARCIE pel tiE] B B4 gEe

C= [Coo Co;i (9)

A7 Ame] TR

CP o CPP

9} o] & 5= Ut} o] FEARS thA] LDU &3l
o3

1 —1
C= Coo C()p _ IC()pCpp Coo_CapCppCpo 0 711 0
CooCod 0 1 0 C,)[CpCpo

po ~pp p|L"PP PO

(10)

9} o] Hafd 4 glom, €19 4] (9y= ThA] Schur
&34 (complement) FE|E ©]-8-5}]

1 -1 _
cl- |: I 1 (Coo—CapCppCpo) 0 |:I Copcp%

-1
C C 1 Mo 1
1} Cpp

pp po

(11)

o} o] & F Stk A7IM Y, =X,- 4, 1B Y,=
X, - u2k ol Zzto] ArrEe wedar 7pys)
il

T
Y 1Y
p(YO,YP)ocexp[%[ ] c ‘[ D (12)
Yy Y,

gh o] FolAm, el 4 (1)& A (1201 it
Ahspa

(Y, Y, )c
T
— — -1 _
exp [% YU - YPCPI]’CPU (C00 - C"PCP:’CPO) 0 Yu - COplevY
Y, 0 C, Y,

ojH, ol= T

(Y, Y, )

exp[5(Y,-Y,C,,C,) (€0~ C,, Gy Cr) (Y, - C,,CY ) |

1,7, -1
y exp(—zY Cv,) (13)

7b "ok mEA Bayes®] B2 p(Y,,Y,) =p(Y,|Y))
p(Y,) ol 23]

(Y, Y,)x

exp[5(Y,-Y,C;,C,0)'(Coo-C,,C,,Cr) ' (Y,-C,,CY,)|
(14)

S} o] & = Sik. 919] 4 (14) HEE 5o ¥

= 7 o|ZXHE thidak 7F-A1ot A (multivariate
Gaussian theorem)ES 53 p(Y0|Yp)=N(m,D)9] B
9 FEAR 22

-1
m = £4,=CopCrpXp=4,)

-1

D= Coo_CopCppCpo
o} o] Folzich. Yo o3 T FF m P B
D= TS Hdslehs Ad3s B 2] FoE2R
B 0 ol ela) 9L % 3 =

N
lo
ofl
i
%
fo

13 ol BEE F A8 239
Cov(Z,,Z,)) = k(ty,t,) = k(]t1 71‘2’) (16)

oF o] 1% 1, 1] AYE FH3 WFE sl el
o AWE 4 Stk 7Hggit dwkxog Ad 3¢
o= WAMY 71¥el4(radial basis function, RBF)7} ©]-8
], E AgellA] o8& RBFE w9 gyl ez

_(rlrz)}
25

o} 2o}, w3k RBF 29 g2HERl o8} f= ARE F
3lo] ARHoZ o=rojo} R AeE, Yukbos 2}
Frjh 54720 gke] HE 7KL Jlom HZAs) o
of 3t} 7|1 ] A9 ME g 7R =43 2
o] A5 AAAL AU7] 93 Al ArE ulsl=
F#A2] (correlation scale)o|™, wWEbA gt 2 AI7HY
A

Jolg T3l 248 T FauRE Al e gich
i

k(t),t,) = aexp{ 17)

o]
ol o T
GPR 7|H& thizte] ol&2] 440] FashH ole] W&
L Rasmussen(2006) 2 Murphy(2012)°1] w3 AFA|3]
270E0] et wfehA, B AellMe A E vldy
AE o= FFo=E 3 GPR 7Y o8¢ AW yks}
712 3
B Aol B8 91819 Theil-Sen g, AE3|AHEA,
2 GPRY| AXF =7} MATLAB 8.6(R2015byS 7|¥ko.
2 AFEAeH, B = F ARl FoE Tt
AFH oz AlF 7¥ssitt.
GPRY] & 59 9 ek +eAlm 284S AR
7] Ik 7Pde] AR E AASla ol tigk 8-S
AT 7V FARlEE AY FAIE Bole A=)

vk, gl A% e HAge) A7k A 7

J. Soil Groundw. Environ. Vol. 21(6), p. 67~79, 2016



7 RIS - wpeqt - Gglo} - oW - P& - 7

a.
200 T T ; : r—
B 95% Confidence Interval
- 80% Confidence Interval
050 H— Estimated Mean
E
=
=2
= 100}
-
=
w
g =
g 50t
o
n i
0o 1 2 3 4 5 6 7 8 9 10
t (year)
C.
2000 _—
I 95% Confidence Interval
- 80% Confidence Interval
=01500 - — Estimated Mcan
E
s
- o]
= 1000 o
B (o)
= ]
)
2
g 500
o

01 2 3 4 5 6 7 8 9 10
1 (year)

b.
200 . T : : " v
B 95% Confidence Interval
= 80% Confidence Interval
0150 H— Estimated Mean
E
=
2
= 100
-
=
=%}
=
g 501
=]
0 : : : —
o 1 2 3 4 5 6 7 8 9 10
f (year)
2000 L S— ——— ——
B 95% Confidence Interval
= 80% Confidence Interval
a 1500 F — Estimated Mean
E 5
=
R
= 1000
8
=
<
=
£ 500¢
<

t [);car)

Fig. 3. Validation of the prediction accuracy of GPR method based on the hypothetical groundwater quality data (black circle-training
dataset; red circle-test dataset) where black lines indicate the estimated mean trends and dark- and light-gray parcels indicate the 95% and

lst

Y RS Hole AR T £
alo] 7kz} A=,

C=15+2xtiju+Z, Z~N (0,5 (linear trend)

FR ofehel A2 ol%

(18-1)

C=5+0.01 x t1/4 +Z, Z~N (0, 10%) (non-linear trend)
(18-2)

= ARE B5 AERE F 40871(10d)0] ko]
*3*40}9510“4 o] % 2 202715 AES FHAE
(Zi—&ﬁ“ DE FE3IQIL, o1F 102712530l 23 &
£ 520 e ASARMY E o83 T,

e
3wl B9 7P s SRRt 23S He

1:;;1 Ee z}eoﬂ o])\]- l-:._)_7} gj\l: /\]-§]—o]r;]_(/\] (18 1)) 1]
sk ekl GPRE] llSHato] Zb2t 1314
(c=90+911) ‘;l 3R] (C=0,+ 0,1+ 0,1 +0,F) S T
< 7H F oSo] FRH e O A= 77t Fig

J. Soil Groundw. Environ. Vol. 21(6), p. 67~79, 2016

80% confidence intervals, respectively. Each panel show the result applying (a) 1% order linear regression, (b) 2™ order linear regression to
order linear trend of the data, and (c) 1* order linear regression, (d) 2" order linear regression to 2™ order linear trend of the data.
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Fig. 5. Trend estimations for groundwater level (GWL), pH, Total dissolved solid (TDS), temperature (T), CI', SO,>, NOs-N, and NH,*
data in Kangreung-Janghyeon monitoring location. Black circles, red circles, black dashed-lines, dark- and light-gray parcels indicate
training dataset, test dataset, the estimated mean trends and the 95% and 80% confidence intervals, respectively.

J. Soil Groundw. Environ. Vol. 21(6), p. 67~79, 2016



FHSAIF ERA BFEHE ol 87 A5 AR as] S 75

N

X

JEZHE 10me] #= ol 74 Bt Hit AB-
1= 34moll 450 At Fig. 5= 919k 5Y
§ B=3Eo) gk GPRS F3islaL 202737k 4
=5 218 Aot

Fig. 5204 A3 & 4 e nle} 2o] X&l 4=
735 wilg- vkl A FAIE BEE 5w e
20073S 7|1HoZ 3l GWL=3.38+0.020r9} 2t}
a8y 202749 dSEEAA X3E(95% AlETRE A7)
ARl 2.16 me} Hlwsl HLS w) 20047k XsEY]
HEFE 18.6%01H A9 Alzige] vlmE =2 &
Holoh. Zak=9] Bds Bl-Es] 93t WHos £
AN E Fx}5] BE9} oAk AFEE 71 of
T 9 s 13 AEE Bl AR s Theske
Jarque-Bera H|Z~E(Jarque and Bera, 1987)(°|3} JB &
T4 HIZE)Z o83t IB B4 Bl2Ed oJahd
AEE FAet ASAE g APt vgTHAE mE
ol & 4 Qloh

Fig. Sb= pHO] 20zl 23 & FA1E HoTH
pHe] 75 A A3 Almdl vis) Jdjdez s
I FAVE BER ASE A pH =5.98+0.086¢
o Zth 20273 AISESAA A3EQ] 4.107 HlwsE] B
kS W 2007F] pH WISh= 41.8%°]H FA9] A1zl
o] BlwA Eo} g FAIZF YAl lokar w4
Atk IB Gt HIZES o5t o|SE FAI9 #ASA}
g0l o Pt Ads wETh

Fig. Sc= TDSY] 207t 4l FME HeFH TDS
o] 7S vwF & A5 A BREY o=E HEA
& TDS=147.81+4.127t9} 2t} 20273 ASEIA
Z|3ER1 108.88 mg/I9} Hlwsl HokS w) 20:7He] TDS

™
r

X d

3} 82.53 me/lZ 75.8%°1H FAQ] 21F)Ado] ulf-¢-
ol FEleh A FA7F dojukar ok Ads 4= 9

LRSS o83 B A HIZEo oJshH Ak
27} BIATAS mEL

Fig. 5d&= GPRell o3t X3l ~29] 207t oS 5
AE HoFr 259 74 3 ek A=) vt
A2 wig- w|okgl s FAE TEEY o5 EaAde
T=14.81+0.031:8 2}t 20273 J=E3A =%
6.85°CSF Hlus] HLsS uwf 20:4%ke] 2% Wshe=
0.63°CE 10% olste] mIm|gt F<Fo]|B=E olzigh Aol
& oulE Fosprle ol 259 ¥islke wihe- Atk
a1 & 4= 9tk B A HIZEo) oJshd zxje] B
7} A mE

Fig. Se= Algkm W Q4029 20037t oIS Aot

.

T

Aol A9 HlwE & g FARE BAEY, 95

HAS Clr=32.29+0.966: 9 2t} 2027 =5
A 21 78.09 mg/I9} Hlwa] HES wf 20371
200l FEM3hE 1932 mg/lE 24.7%010 A1) Al
o] vlmA zo} g FAVE dojuar vk wast
o St IB A4 Hl2E) oshd o] B¥7) v
T3E wet

Fig. 5f= GPRell 9§k tol20] 2047t oS A&
Rl SHtolo] A9 A HlwA & s A7
PEEY, =g HAALS SO, =21.47+0.699r2F 2T}
20273 o|ZBIAA AHEQ 24.12 mg/1e}t Hlws] B
o 2037 sl W SAtel2 HskERS 13.99 mg/I=
58.0%01H FAS] AlzAdo] wlig- ot FE1g s T4
7} dojyar gickar #ast 4= Stk IB A9t HIAE
A} o] 37} v S wET

Fig. S5g= A E 0] 20371 ¢S 415 HoFETh
AdAse] 7 viATdo] wie- 7 GPRE F% &
o] FAHst oz wE)

Fig. sShe YEUolg Fao] 2047t S A4S B
T oM o] A9 st A FA7F B
Ho, o Z® PHHFAES NH, =0.04+0.013r2F 2T}
20279 AESEIIA AHQ] 1.67 mg/et HlwaE)] RS
20097k AskE W EUoRd AA WshEe
0.27 mg/IZ 16.0%C1™ FA9] Aol HlwE =4] oF
th. IB Bt HIZES) oJatd ko] E3x7t Ade

| B=3=o] ik GPRS 4:8)3}3L 2027A7}
A9] of|EE AAIZE Aot FARH BSAe] B4
B ZF TDS, CI', B NO;-N9| 79 g #54e= 2
7t & ashe A Wi SR Bojgar gl
olof tigh F7HA1 B4 AAISIAT

Fig. 620l A5 & 5= Sl= nle} o] X3l 41=9]
735 i mekel s FAVE BEEE oSE Hade
20073 7|1Ho2 3] GWL=422+0.011/9F 2t}
ey 20273 ASESHEAY Z3EQ] 3.08 me} BlaEl K
S w 20047ke] Al HEHEHS 10% olske] wlv]

J. Soil Groundw. Environ. Vol. 21(6), p. 67~79, 2016



RIS - uket - Ao} - ol - AR - AR - A - RS - 12 - HE -

a. (GWL) b. (pH)
6
5
E
-3
=
&) 2 ]
I 95% Confidence Interval o I 95% Confidence Interval
80% Confidence Interval - 80% Confidence Interval
1 == Estimated Mean I == Estimated Mean
O Data O Data
0 0
2007 2012 2017 2022 2027 2007 2012 2017 2022 2027
f (year) 1 (year)

c. (TDS)

B 95% Confidence Interval
soo b L 80% Confidence Interval
== Estimated Mean
=
E600
=)
S
£ a00f
& OO0 | 95% Confidence Interval
200} 80% Confidence Interval |
= = Estimated Mean
O Data
0 * ' - 0 L -
2007 2012 2017 2022 2027 2007 2012 2017 2022 2027
t (year) 1 (year)

e. (CIN) f. (8047)

B 95% Confidence Interval

[ 95% Confidence Interval

60F o 120
80% Confidence Interval 80% Confidence Interval
S0t = = Estimated Mean 100+~ Estimated Mean
—_ =
S0k = 80k
E Pomoin i e SR E ¢
30 Y -Loq- 60
o
20f = 40}
10} 20
0 0
2007 2012 2017 2022 2027 2007 2012 2017 2022 2027
f (year) t (year)
g. (NOs-N) h. (NHs")
2
150 || M 95% Confidence Interval [ 95% Confidence Interval
80% Confidence Interval 80% Confidence Interval
- = Estimated Mean 1.5 - - Estimated Mean
= O Data == _ O Data
‘5h - —_—
£ 100 e =
e e . E 1
7‘:'" Gt = +=1-
o 0945 -7
7 50 ] *
e 0.5
o &
Y
0 : : () TR GTRTaTs
2007 2012 2017 2022 2027 2007 2012 2017 2022 2027
1 (year) t (year)

Fig. 6. Trend estimations for groundwater level (GWL), pH, Total dissolved solid (TDS), temperature (T), CL", SO,*, NO;-N, and NH,"
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